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Abstract
In this paper, we apply the Ljusternik-Schnirelman theory with local Palais-Smale
condition to study a class of N-body problems with strong force potentials and fixed
energies. Under suitable conditions on the potential V , we prove the existence of
infinitely many non-constant and non-collision symmetrical periodic solutions .
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1 Introduction and Main Results
The N-body problem is an old and very difficult problem. Many mathematicians stud-
ied this problem using many different methods, here we only concern variational methods.
In 1975 and 1977, Gordon ([15], [16]) firstly used variational methods to study the periodic
solutions of 2-body problems. In [16], he put forward to the strong force condition (SF for
short) and got the following Lemma:
Lemma 1.1. (Gordon[16]) Suppose that V (x) satisfies the so called Gordon’s Strong
Force condition: There exists a neighborhood N of 0 and a function U ∈ C1(N \ {0},R)
such that:
(i). lim
|x|→0
U(x) = −∞;
(ii). − V (x) ≥ |∇U(x)|2 for every x ∈ N \ {0}.
Let
Λ , {x| x(t) ∈ H1(R/Z,Rn), x(t) 6= 0, ∀ t ∈ [0, 1]}
∂Λ , {x| x(t) ∈ H1(R/Z,Rn), ∃ t0 ∈ [0, 1] s.t. x(t0) = 0}
∗Supported partially by NSF of China.
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Then we have ∫ 1
0
V (xn) dt→ −∞, ∀ xn ⇀ x ∈ ∂Λ.
After Gordon, many researchers used variational methods to study N (N ≥ 3) body
problems ([1]− [8], [10]− [19], [22]− [27], etc.).
In [18], P.Majer used Ljusternik-Schnirelman theory (LS for short) with local Palais-
Smale condition to seek T-periodic solutions of the following second order Hamiltonian
system:
x¨+ ax+∇xW (t, x) = 0 (1.1)
where W is singular at x = 0,W (t+ T, x) = W (t, x).
He got the following theorem :
Theorem 1.2. Suppose
(P1).a < (
π
T
)2;
(P2).W ∈ C1(S1T × (Rn \ {0}),R) satisfies (SF );
(P3).∃ c, θ < 2, r > 0, such that ∀ |x| ≥ r, ∀ t ∈ S1T
W (t, x) ≤ c|x|θ, 〈∇Wx(t, x), x〉 − 2W (t, x) ≤ c|x|θ
(P4).W (t, x) ≤ b.
Then the system (1.1) has infinitely many T-periodic non-collision solutions .
After Majer , Zhang-Zhou ([27]) studied a class of N-Body problems. They considered
the following system :
mix¨(t) +∇xiV (t, x1(t), · · · , xN(t)) = 0, xi ∈ Rn, i = 1, · · · , N (1.2)
where mi > 0 for all i, and V satisfies the following conditions :
(V 1).V (t, x1, · · · , xN) = 1
2
∑
1≤i 6=j≤N
Vij(t, xi − xj);
(V 2).Vij ∈ C2(R× (Rn \ {0});R), for all 1 ≤ i 6= j ≤ N ;
(V 3).Vij(t, ξ)→ −∞ uniformly on t as |ξ| → 0, for all 1 ≤ i 6= j ≤ N ;
(V 4).Vij(t, ξ) ≤ 0, for all t ∈ R, ξ ∈ Rn \ {0};
(V 5).Vij satisfies Gordon’s strong force condition;
(V 6). There exists an element g of finite order s in SO(k) which has no fixed point
other than origin (i.e. 1 is not an eigenvalue of g), such that
V (t, x1, · · · , xN) = V (t+ T/s, gx1, · · · , gxN), ∀ t ∈ [0, 1], xi ∈ Rn.
If the potential V satisfies (V 1)− (V 6), and x(t) = (x1(t), · · · , xN(t)) is a T-periodic non-
collision solution of system (1.2) and satisfies x(t+T/s) = (x1(t+T/s), · · · , xN (T+t/s)) =
(gx1(t), · · · , gxN(t)) = gx(t), we say that x(t) is a g-symmetric T-periodic non-collision
solutions (we also call (g, T ) is a non-collision solution for short).
Zhang-Zhou obtained the following theorem:
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Theorem 1.3. Suppose the potential V satisfies (V 1) − (V 6) and T is any positive real
number. Then system (1.2) has infinitely many (g, T ) non-collision solutions.
Motivated by P.Majer, Zhang S.Q.- Zhou Q. ’s work , we consider the following system:
(Ph)
{
miu¨i +∇uiV (u1, . . . , uN) = 0, (1 ≤ i ≤ N), (Ph.1)
1
2
∑
mi|u˙i(t)|2 + V (u1(t), . . . , uN(t)) = h. (Ph.2)
We have the following theorem :
Theorem 1.4. Suppose V (u1, · · · , uN) = 1
2
∑
1≤i 6=j≤N
Vij(ui − uj), Vij(ξ) ∈ C1(Rn \ {0},R),
and satisfies
(V 5′).Vij(ξ) ≤ 0, ∀ ξ ∈ Rn \ {0};
(V 6′).∃α > 2 and r1 > 0 such that 〈∇Vij(ξ), ξ〉 ≥ −αVij(ξ), ∀0 < |ξ| ≤ r1;
(V 7′).∃ c ≥ 0,−2 < θ < 0, r2 > r1, such that when |ξ| ≥ r2, there holds
〈∇ξVij(ξ), ξ〉 ≤ c|ξ|θ;
(V 8′).Vij(ξ) = Vji(ξ), ∀ ξ ∈ Rn \ {0}.
Then for any h > 0, the system (Ph) has infinitely many non-constant and non-collision
periodic solutions .
Example 1.5. We take
Vij(ξ) =


− 1|ξ|α , if 0 < |ξ| ≤ r1,
smooth connecting, if r1 < |ξ| < r2,
−|ξ|θ, if |ξ| ≥ r2 > r1.
2 Some Lemmas
In this section, we collect some known lemmas which are necessary for the proof of Theorem
1.4.
Let us introduce the following notations:
m∗ = min {m1, · · · , mN} ; H1 = W 1,2(R/Z,Rn).
E = {u = (u1, . . . , uN) | ui ∈ H1, ui(t+ 1
2
) = −ui(t)}.
Λ0 = {u ∈ E | ui(t) 6= uj(t), ∀ t, ∀ i 6= j}.
∂Λ0 = {u ∈ E | ∃ t0, 1 ≤ i0 6= j0 ≤ N s.t. ui0(t0) = uj0(t0)}.
p(u) = min
1≤i 6=j≤N, t∈[0,1]
|ui(t)− uj((t)|.
{f ≤ c} = {u ∈ Λ0, f(u) ≤ c}.
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Lemma 2.1. ([1]− [4]) Let f(u) = 1
2
∫ 1
0
N∑
i=1
mi|ui|2 dt
∫ 1
0
(h− V (u)) dt and u˜ ∈ Λ0 satisfy
f ′ (u˜) = 0 and f (u˜) > 0. Set
1
T 2
=
∫ 1
0
(h− V (u˜)) dt
1
2
∫ 1
0
N∑
i=1
mi| ˙˜ui|2 dt
. (2.1)
Then q˜(t) = u˜ (t/T ) is a non-constant T -periodic solution for (Ph).
Lemma 2.2. (Palais[20]) Let σ be an orthogonal representation of a finite or compact
group G in the real Hilbert space H such that for ∀ σ ∈ G,
f(σ · x) = f(x),
where f ∈ C1(H,R).
Let S = {x ∈ H | σx = x, ∀ σ in G}, then the critical point of f in S is also a critical
point of f in H.
By Lemma 2.1-2.2, we have
Lemma 2.3. ([1]− [4]) Assume Vij ∈ C1(Rn \ {0},R) satisfies (V 8′). If u¯ ∈ Λ0 is a crit-
ical point of f(u) and f(u¯) > 0, then q¯(t) = u¯(t/T ) is a non-constant T -periodic solution
of (Ph).
Lemma 2.4. ([28]) Let q ∈ W 1,2(R/TZ,Rn) and ∫ T
0
q(t) dt = 0, then we have
(i). Poincare-Wirtinger’s inequality:∫ T
0
|q˙(t)|2 dt ≥
(2π
T
)2 ∫ T
0
|q(t)|2 dt. (2.2)
(ii). Sobolev’s inequality:
max
0≤t≤T
|q(t)| = |q|∞ ≤
√
T
12
( ∫ T
0
|q˙(t)|2dt)1/2. (2.3)
By the definition of Λ0 and Lemma 2.3, for ∀ u ∈ Λ0, (
∫ 1
0
N∑
i=1
mi|u˙i|2 dt)1/2 is equivalent
to the (H1)N = H1 × · · ·H1 norm:
‖ u ‖(H1)N=
(∫ 1
0
|u˙|2 dt
)1/2
+
(∫ 1
0
|u|2 dt
)1/2
.
So we take norm ‖ u ‖= (∫ 1
0
N∑
i=1
mi|u˙i|2 dt)1/2.
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Lemma 2.5. (Coti Zelati [11]) Let X = (x1, . . . , xN) ∈ Rn × · · ·Rn, xi 6= xj , ∀ 1 ≤ i 6=
j ≤ N. Then ∑
1≤i<j≤N
mimi
|xi − xj |α ≥ Cα(m1, . . . , mN)(
N∑
i=1
mi|xi|2)−α/2,
where Cα(m1, . . . , mN)
△
= Cα = (
N∑
i=1
mi)
−α/2(
∑
1≤i<j≤N
mimj)
2+α
2 .
Lemma 2.6. ([18]) Let X be a Banach space with norm ‖ · ‖, Λ be an open subset of
X, and suppose a functional f : Λ→ R is given such that the following conditions hold:
(i).CatΛ(Λ) = +∞;
(ii).f ∈ C1(Λ) and ∀un ⇀ ∂Λ, f(un)→ +∞;
(iii).∀λ ∈ R, CatΛ({f ≤ λ}) < +∞;
Suppose in addition that there exist g ∈ C1(Λ), β ∈ (0, 1) and λ0 ∈ R such that
(iv).CatΛ({f ≤ g}) < +∞;
(v). the PS condition holds in the set {f ≥ g};
(vi).β ‖ f ′(u) ‖≥‖ g′(u) ‖, ∀u ∈ {f = g ≥ λ0}.
Then f has a sequence {un} ⊂ Λ of critical points such that f(un)→ +∞ and f(un) ≥
g(un)− 1.
3 The Proof of Theorem 1.4
Lemma 3.1. Let {un} ⊂ Λ0 and un ⇀ u ∈ ∂Λ0. Then f(un)→ +∞.
Proof. First of all , we recall that
f(un) =
1
2
∫ 1
0
N∑
i=1
mi|u˙in|2dt
∫ 1
0
(h− V (un))dt
(1).If u = constant, we can deduce u = 0 by ui(t +
1
2
) = −ui(t). By Sobolev’s embedding
theorem, we obtain
|un|∞ → 0, n→∞ (3.1)
So when n is large enough, 0 ≤ |uin − ujn| ≤ r1. By (V 6′), there exists an A > 0 such that
Vij(ξ) ≤ − A|ξ|α , ∀0 < |ξ| ≤ r1 (3.2)
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By h > 0, Sobolev’s inequality (2.3) , (3.2) and Lemma 2.5, we have
f(un) =
1
2
‖ un ‖2
∫ 1
0
(h−
∑
1≤i<j≤N
Vij(u
i
n − ujn))dt
≥ 1
2
‖ un ‖2
∫ 1
0
{−
∑
1≤i<j≤N
Vij(u
i
n − ujn)}dt
≥ 1
2
‖ un ‖2
∫ 1
0
∑
1≤i<j≤N
A
|uin − ujn|α
dt
≥ 1
2
‖ un ‖2
∫ 1
0
A[
N(N − 1)
2
]
2+α
2 N
−α
2 |un|−αdt
≥ 3m∗A2−α2N(N − 1)1+α2 |un|2−α∞
Then by (3.1) and α > 2, we can deduce
f(un)→ +∞, n→∞
(2). If u 6≡ constant, by the weakly lower-semi-continuity property for norm, we have
lim inf
n→∞
∫ 1
0
N∑
i=1
mi|u˙in|2 dt ≥
∫ 1
0
N∑
i=1
mi|u˙i|2 dt > 0. (3.3)
Since u ∈ ∂Λ0, there exist t0, 1 ≤ i0 6= j0 ≤ N s.t.ui0(t0) = uj0(t0). Set
ξn(t) = u
i0
n (t)− uj0n (t)
ξ(t) = ui0(t)− uj0(t)
By un ⇀ u, we have ξn(t)⇀ ξ(t). Then by (V 6
′) and Lemma 1.1, we have∫ 1
0
Vi0j0(u
i0
n − uj0n ) dt→ −∞.
Recalling that
V (un) =
∑
i<j
Vij(u
i
n − ujn).
So we have
f(un)→ +∞, n→∞.
Lemma 3.2. For every λ ∈ R there exists a constant k = k(λ) such that
‖ u ‖≤ k(λ)p(u), ∀u ∈ {f ≤ λ} (3.4)
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Proof. Recall that
f(u) =
1
2
‖ u ‖2
∫ 1
0
(h− V (u))dt
Since Vij ≤ 0, we have f(u) ≥ 1
2
h ‖ u ‖2. Since u ∈ {f ≤ λ}, we can deduce that
‖ u ‖≤ C. (3.5)
If (3.4) is not true, then there exists a sequence {un} such that ‖ un ‖≥ np(un). By (3.5),
we have
0 < p(un) ≤ C
n
. (3.6)
Let n→∞ in (3.6), we have p(un)→ 0. Then there exists a subsequence {un}⇀ u ∈ ∂Λ0,
by Lemma 3.1, f(un)→ +∞, which is a contradiction since {un} ⊂ {f ≤ λ}.
Lemma 3.3. For every λ ∈ R, the set Λλ = {u ∈ Λ0 : ‖ u ‖
p(u)
≤ λ} is of finite category
in Λ0.
Proof. The proof is almost the same as the proof of Lemma 4.3 of [27]. For the covenience
of the readers, we write the complete proof.
It is sufficient that we give a homotopy h : [0, 1]× Λc ⊂⊂ Λ0.
Take δ ∈ (0, 1) s.t. 2 1
m∗
√
δc < 1, and define φ(t) =
p(u
δ
, if t ∈ [0, δ],otherwise φ(t) = 0.
Define
h(u, λ) = (1− λ)u(t) + λ(u ∗ φ)(t)
p(u)
, ∀u ∈ Λc, 0 ≤ λ ≤ 1
where the convolution (u∗φ)(t) = (∫ 1
0
u1φ(s)ds, · · · ,
∫ 1
0
uNφ(s)ds), then h(u, 0) is an inclu-
sion and h1(Λc) is paracompact since h(u, 1) is a convolution operator , so it’s a compact
operator. We need to prove h(Λc × I) ⊂ Λ0.
Suppose this is not true , then ∃λ0 ∈ (0, 1], u ∈ Λc, 1 ≤ i0 6= j0 ≤ N, t0 ∈ [0, 1], such
that
(1− λ0)(ui0 − uj0) + λ0
1
p(u)
((ui0 − uj0) ∗ φ)(t0)
Then
(ui0 − uj0) ∗ φ(t0) = p(u)(1−
1
λ0
)(ui0(t0)− uj0(t0))
So we have
|p(u)(ui0(t0)− uj0(t0)− ((ui0 − uj0 ∗ φ))(t0))|
=
p(u)
λ0
≥ p(u)p(u) = p2(u).
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On the other hand , ∀u = (u1, · · · , uN) ∈ Λc, i 6= j, t ∈ [0, 1], we have
|p(u)(ui(t)− uj(t))− ((ui − uj) ∗ φ)(t)|
= |p(u)
δ
∫ δ
0
(ui(t)− uj(t))ds− p(u)
δ
(ui(t− s)− uj(t− s))ds|
≤ p(u)
δ
∫ δ
0
|ui(t)− uj(t)− (ui(t− s)− uj(t− s))|ds
≤ p(u) · sup
|s|≤δ
|ui(t)− uj(t)− (ui(t− s)− uj(t− s))|
≤ p(u)
√
δ ‖ u˙i − u˙j ‖L2≤ p(u)
√
δ(‖ u˙i ‖L2 + ‖ u˙j ‖L2)
≤ p(u)2
√
δ ‖ u˙ ‖L2≤ p(u) · (2 1
m∗
√
δc) · p(u) < p2(u)
Which is a contradiction.
Lemma 3.4. The functional f verifies the Palais-Smale condition on Λ0.
Proof. Let {un} ⊂ Λ0 be a P.S. sequence, then up to a subsequence, it converges weakly
in (H1)N and uniformly in |u|∞ to an element u ∈ Λ0 by Lemma 3.1. Hence 〈∇ξVij(uni −
unj ), (ui − uni − uj − unj )〉 converges uniformly to zero. Since f ′(un) → 0, and u − un is
(H1)N -bounded, and
〈f ′(u), v〉 =
∫ 1
0
∑
1≤i≤N
mi〈u˙i, v˙i〉dt
∫ 1
0
(h− V (u))dt− 1
2
‖ u ‖2
∫ 1
0
〈∇uV (u), v〉dt
So we have
‖ u ‖2 − lim
n→∞
‖ un ‖2 = lim
n→∞
∫ 1
0
mi〈u˙n, (u˙− u˙n)〉dt
= lim
n→∞
〈f ′(un), u− un〉∫ 1
0
(h− V (un))dt
+ lim
n→∞
1
2
‖ un ‖2
∫ 1
0
〈∇uV (un), (u− un)〉dt∫ 1
0
(h− V (un))dt
= 0
Lemma 3.5. CatΛ0(Λ0) = +∞
Proof. See the Corollary 3.4 of [27].
Lemma 3.6. There exist a functional g ∈ C1(Λ0), β ∈ (0, 1) and λ0 ∈ R such that:
(iv)CatΛ0{f ≤ g} < +∞;
(v) the P.S. condition holds in the set {f ≤ g};
(vi)β ‖ f ′(u) ‖≥‖ g′(u) ‖, ∀u ∈ {f = g ≥ λ0}.
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Proof. By Sobolev’s embedding theorem, we know there is a k∞ > 0 s.t.
‖ u ‖∞≤ k∞ ‖ u ‖, ∀ u ∈ Λ0.
Take β such that β >
θ + 2
2
, take γ > 0 such that
β · [2γ −N(N − 1)c2θ−2kθ∞] > γ(θ + 2).
Let g(u) = γ ‖ u ‖θ+2, we shall show that {f ≤ g} is a set of finite category. We take
0 < ε <
h
2
and M > 0 such that ∀s ∈ R, γ|s|θ+2 ≤ εs2 +M .
Define
fε(u) = f(u)− ε ‖ u ‖2
Then
{f ≤ g} ⊂ {fε(u) ≤M}
We can use the similar proof of Lemma 3.2 to show that there exists k1 ∈ R such that
‖ u ‖≤ k1p(u), ∀u ∈ {fε ≤M}
then by Lemma 3.3,
CatΛ0{f ≤ g} ≤ CatΛ0{fε ≤M} < +∞
From Lemma 3.4, we know that (v) is satisfied.
Since ‖ u ‖≤ k1p(u), we take λ0 =: γ(k1r2)θ+2. Then if u ∈ {f = g ≥ λ0}, so
‖ u ‖≥ [λ0
γ
]
1
θ+2 = k1r2
So we can obtain :
r2 ≤ p(u) ≤ |ui(t)− uj(t)| ≤ 2|u|∞ ≤ 2k∞ ‖ u ‖
∫ 1
0
〈∇uV (u), u〉dt
=
∫ 1
0
∑
1≤i<j≤N
〈∇Vij(ui − uj), (ui − uj)〉dt
≤
∫ 1
0
∑
1≤i<j≤N
c|ui − uj|θdt
≤ cN(N − 1)
2
(2k∞ ‖ u ‖)θ (3.7)
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Since
‖ f ′(u) ‖‖ u ‖ ≥ 〈f ′(u), u〉
= 2f(u)− 1
2
‖ u ‖2
∫ 1
0
〈∇u(u), u〉dt (3.8)
Then by (3.7) and (3.8), we have
‖ f ′(u) ‖≥ [ 2γ −N(N − 1)c2θ−2kθ∞ ] ‖ u ‖θ+1 (3.9)
Since ‖ g′(u) ‖= γ(θ + 2) ‖ u ‖θ+1, from our choice of γ, we have
β ‖ f ′(u) ‖ − ‖ g′(u) ‖≥ 0, ∀u ∈ {f = g ≥ λ0} (3.10)
That is, (vi) holds.
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